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pretations regarding the development of the mixing layer may
be drawn based solely on center line data. In particular, the
growth rate and streamwise development of peak Reynolds
stresses in the near field can be affected significantly by span-
wise variations in the mixing layer. It is proposed here that some
of the discrepancies in the past regarding growth rates and ap-
proach to self-similarity may have been caused by the lack of
span wise averaging. It is particularly important to employ span-
wise averaging when comparing the development of mixing
layers with different initial and operating conditions.
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Introduction

I N the theory of oblique shock waves, the deflection angle 6
of flow across an oblique shock is related to the wave angle

ft by Eq. (I)1"3:

tan(j8 - 0) (7 - 1)M2 sin2/3 + 2
tanft (7 1)M2 sin2/3 (1)

For given upstream Mach number M1? this is an implicit
relation between 0 and ft. With some trigonometric substitu-
tions and rearrangement, Eq. (1) can be cast explicitly for 6 as

tan0 =
2 cotft(M2 sin2ft - 1)
M2(y + cos2/3) + 2 (2)

which gives 0 as an explicit function of M\ and /3.
In many problems with weak shocks determined by the

deflection direction of flow (as shown in Fig. 1), the evalua-
tion of the wave angle ft in terms of the values of 6 and MI is
often required. This is commonly obtained from the charts
related to Eq. (1), which can be inconvenient. Therefore, it is
of significance to give an expression that formulates ft as an
explicit function of MI and 6 for weak shock waves.
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We encountered this problem in the research subject of
shock wave/turbulent boundary-layer interactions and
derived an approximate formula to evaluate ft with the values
of 6 and MI .

Derivation of Equations
When we rearrange Eq. (1), the following equation may be

solved:

(3)2 l c o s ( f t - 6 )

For small deflection angle 0, Eq. (3) may be approximated
by the following equation as that in Ref. 1

M\ sin2ft - 1 = \~~TLM\ tan/3 J0 (4)

When 0 is small, the wave angle ft approaches Tr/2 for strong
waves of Mach number M2 < 1 or goes to the Mach angle \i for
weak waves of Mach number M2 > 1. Only the latter case is
considered here. Therefore, when 0 = 0, the wave angle is
equal to the Mach angle

tan/3 = tan/x = •
1

Using trigonometric identities,

sin2 ft =
tan2/?

1 + tan2 ft

Equation (4) may be then written as

T + 1 Mltan*-Ar?TT 2 M2 - 1•(tan/3 + tan3/5)0

(5)

(6)

(7)

Because of 0 < 1 for the considered range of deflection angle
0, we can assume a polynomial for tanft in terms of the angle 0

tanft = a + bO + c02 + (8)

where constants a, b, and c are the functions of MI only.
Thus,

tan2/? = a2 + 20Z?0 + (2ac + Z?2)02 + • • •

tan3ft = a3 + 3a2bO + (3ab2 + 302c)02 + • • •

Substituting Eqs. (8) and (10) into Eq. (7), we have
1 y + 1 Ml

(9)

(10)

tan2 ft =
M2- 1 2 M 2 -1 L V

+ (3ab2 + 302c + c)02 + - - - ]0

Comparing Eqs. (9) and (11), we obtain

1a =

b =7 + 1
4 (Ml - I)2

(H)

(12a)

(12b)

Fig. 1 Flow through an oblique shock wave.
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Fig. 2 Comparison of Eqs. (13) and (14) with Eq. (1): 1—accurate
values [Eq. (1)]; 2—Eq. (13); 3—Eq. (14).
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Fig. 3 Relative error isoline of Eq. (13) to Eq. (1).

l(y+ lVMf(Mf+ 4)
(Ml - I)3 5 (12c)

Introducing Eqs. (12) into Eq. (8), and only taking the former
three terms, it becomes

tan/3 =
1 7 + 1

+ -

4 (Mf-1)2

l/7+lVMf(M1
2 + 4)

2\ 4 / (Mf-1)3-5 (13)

Equation (13) is the approximate formula for evaluating the
wave angle of weak shock waves. Using this equation, the
value of ft may be calculated easily for given M\ and 6.

When 0 is very small, Eq. (13) can be simplified further,

tan/3 =
1 7 + 1

4 (Mf - I)2 (14)

The deviation of the wave angle ft from the Mach angle /z
may be calculated from the values of ft and /*, which could be
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Fig. 4 Comparison of values of e angle: 1—accurate values [from
Eqs. (15), (1), and (5)]; 2—Eq. (18); 3—Eq. (19); 4—Eq. (20).

obtained, respectively, from Eqs. (13) and (5). This also may
be obtained with the approximate expression derived below.
We may put

f = fi + e (15)

Because e < ̂ , tane tanju, <^ 1, therefore,

tanu + tane
tan/3 = tan(ju, + e) = ——————— = tanju,

1 — tan^ tane

+ tane = tan//, + e

Rewriting Eq. (16),

e = tan/3 - tan//,

Introducing Eqs. (13) and (5) into Eq. (17),

7 + 1 Mf
4 (Ml - I)'* + 2 (Mf-1)3-5

(16)

(17)

02 (18)

When 0 is very small, we only take the linear form

T + * M\ n
6 4 (Mf-1/

(19)

For comparison, another approximate equation for e angle
given in Ref. 1 is written as

7 + 1
4 M f - 1

(20)

Results and Discussion
Calculated results using equations (1), (5), (13-15), and

(18-20) are shown in Figs. 2-4 for a perfect gas, with 7 = 1.40.
It may be seen that Eq. (13) gives a satisfactory approximation
of Eq. (1) for a wide range of M! and a limited range of 6. For
0 < 15 deg and 2 < Ml < 7, the relative error is < 3%. Figure
4 is the comparison of e values calculated with various equa-
tions. It is clear that Eq. (19) gives more accurate values than
Eq. (20)forM!>3.
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Therefore, for weak shock waves, Eq. (13) can give /3 values
that approach the accurate values over a wide range of M{ and
6. With Eq. (13), j3 is evaluated easily from the values of 0 and
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I. Introduction

I N Refs. 1 and 2, Lloyd described SUBSIM, a mathematical
model to simulate deeply submerged maneuvers of a sub-

marine. The model is based on a time-marching simulation of
the changing flow around the maneuvering submarine and
takes account of the vortices shed from the appendages and
the separated flow on the hull. Similar techniques have been
used to compute the maneuvering characteristics of missiles
(see Ref. 3).

The flow around the submarine is described in terms of a
distribution of shed vortices where the characteristics of the
appendage vortices are computed using Glauert's4 lifting-line
theory while the vorticity shed from the hull is modeled using
a total of 22 vortices. The positions and strengths of these are
computed from empirical data measured on a submarine-like
body of revolution (rounded nose and pointed tail) on the
Rotating Arm facility at the Admiralty Research Establish-
ment, Haslar, England, UK. The experiments were described
by Lloyd and Campbell5 and Lloyd.6 They involved the direct
measurement of vorticity using a Freestone probe7 and the
integration of vorticity contours to obtain circulation as a
function of the body station, nondimensional turn rate, and
drift velocity. Empirical equations fitted to the results are used
to compute the strength and position of the hull vortices in
SUBSIM.

Classical potential flow techniques are used to compute the
velocities in planes transverse to the axis of the submarine.
This allows the computation of the trajectories of the ap-
pendage vortices and also the calculation of the local incidence
at various span wise stations on each appendage. These local
incidences are then used in the lifting-line calculations.

II. Rankine Vortex
In the early development of the mathematical model, classi-

cal inviscid vortices were used with the velocity field given by
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where F is the circulation, (R,\l/,z) refer to a system of cylin-
drical polar coordinates with the vortex at R = 0, and $ is a
unit vector in the direction of increasing \l/.

The appropriate circulation of each vortex can be calcu-
lated, but the viscosity is zero everywhere except on the vortex
filament itself where it is undefined. This is obviously not
consistent with the experimental data. This approach also
leads to the prediction of very large incidences when a vortex
is close to an appendage.

For these reasons, it is more realistic to use the Rankine
formulation

= —-[l- exp( - aR2)] (D

where a is a constant. It is evident that this is equivalent to an
inviscid vortex for large R, and since q — (ToiR)/27r for small
R, the vortex behaves as if it has a solid core.

The core radius R* is defined to be the radius at which
maximum speed occurs, and so dq^/dR = 0 at R = R*. From
Eq. (1), it follows that 2aR2 + 1 = exp(aR}), which gives the
solution a. = 1.26/R2.

The separated flow from the hull is modeled by a string of
Rankine vortices. The circulation and core radius of each
vortex is calculated from the experiment data. However, if the
vortices are too far apart, they will retain their individual
identity and produce discrete sets of nominally circular con-
tours. We need to devise a test to establish whether the vortices
will merge to produce continuous vorticity contours, represen-
tative of those measured in the experiment.

III. Mathematical Condition for Merging
For two vortices of equal circulation and core radius at

(D ,0) and ( - D ,0), the magnitude of the vorticity f = curl q at
points on the x axis is given by ~ •

i.26r " L26 , „exp - L26 j*
relative to an origin midway between the vortices.

Putting y = x/D and s = R*/D, this becomes

exp - 1.26

The nondimensional vorticity f' is plotted for various values
of the nondimensional core radius in Fig. 1. It can be seen that
for small values of the core radius the vorticity distribution
indicates two distinct vortices. As the core radius increases,
the vortices merge. Now,

i-y\2'

The vorticity is a maximum (or minimum) when df '/dy = 0
and this occurs when

{-5-04rfI^=eXp|-5.04^l (2)


